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Abstract
The variety JorN5 of five-dimensional nilpotent Jordan algebras structures over an alge-
braically closed field is investigated. We show that JorN5 is the union of five irreducible
components, four of them correspond to the Zariski closure of the GL5-orbits of four rigid
algebras and the other one is the Zariski closure of an union of orbits of infinite family of
algebras, none of them being rigid.
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1 Introduction
In this paper we study the geometry of nilpotent Jordan algebras over algebraically
closed fields k of characteristic 6= 2, 3. Namely, let V be an n-dimensional k-vector space,
the bilinear maps V × V → V form an n3-dimensional algebraic variety Homk(V ⊗ V, V ).
Moreover, Jordan algebra structures satisfy polynomial equations (originating from both
commutativity and Jordan identity) and therefore determine a Zariski-closed subset, which
we will call the variety of Jordan algebras of dimension n. As any affine variety, Jorn
admits decomposition in a finite number of irreducible components. Furthermore, nilpo-
tency conditions are also of polynomial type and thus the set of nilpotent Jordan algebras
in dimension n, which will be denoted by JorNn, possess a structure of algebraic variety
embedded in Jorn. The general linear group G = GL(V) acts on both Jorn and JorNn
via “change of basis”, decomposing them into G-orbits which correspond to the classes of
isomorphic Jordan algebras. We study the geometry of JorN(n): dimension, decomposition
into irreducible components and their description. The crucial tool for it is the notion of
deformation of algebras: we say that J1 is a deformation of J2 if the G-orbit of J2 belongs
to Zariski closure of the G-orbit of J1. Algebra J whose orbit is an open subset in Jorn is
of particular interest, since it does not admit non-trivial deformations and its closure rises
to irreducible component. We will call such algebras rigid.
Analogously to JorNn one defines the varieties of nilpotent Lie and associative algebras.
We will denote them LieNn and AssocNn, respectively. The geometry of these two varieties
is rather different.
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In 1968, F. Flanigan posed a question whether every irreducible component is the closure
of a G-orbit of some rigid algebra J . In [1] he proved that every component of Assocn has
to carry an open subset of non-singular points which is either the orbit of a single rigid
algebra or an infinite union of orbits of algebras which differ only in the multiplication of
the radical. Flanigan has discovered that the second alternative does in fact occur: there is
a component of Assoc3 which consists entirely of the orbits of an infinite family of three-
dimensional nilpotent algebras.
In [2], G. Mazzola has proved that the subvariety of commutative algebras inside AssocNn
is irreducible for n ≤ 6 and it admits at least two irreducible components in dimension 7.
For the non-commutative case the description is known only for n ≤ 5. A. MakhLouf showed
that AssocN2 is irreducible, while the number of irreducible components of AssocNn when
n is equal to 3, 4 and 5 is two, four and thirteen, respectively. Further, the author estimated
a lower bound of the number of irreducible components in any dimension, see [3].
For the variety of nilpotent Lie algebras LieNn the geometric classification is known for
n ≤ 8. In 1988, F. Grunewald and J. O’Halloran in [4] established that LieNn is irreducible
when n ≤ 5. Two years later, S. Craig proved that this is the case for dimension 6 as well,
see [5]. The first reducible variety of nilpotent Lie algebras appears in dimension 7, see [6].
It was shown by M. Goze and J. M. Ancochea-Bermudez. that LieN7 decomposes into two
algebraic components each corresponding to infinite family of algebras. Finally, in [7] the
authors described all eight components of the variety of nilpotent Lie algebras of dimension
8.
As for the variety of Jordan algebras the references are rather recent. In [8, 2005], [9,
2014] it was shown that in Jorn for n ≤ 4 any irreducible component is determined by a
rigid algebra. In [10, 2011], the authors establish that the subvariety of nilpotent algebras
JorNn is irreducible for n ≤ 3 and admits two irreducible components if n = 4.
In this paper, we will show that JorN5 is the union of five irreducible components, there
are four rigid algebras and the closure of the union of G-orbits of a certain infinite family
gives rise to the fifth component.
The paper is organized as follows. Section 2 begins with some preliminaries on Jor-
dan algebras, further we establish the list of non-isomorphic nilpotent Jordan algebras of
dimension 5. Among the non-isomorphic nilpotent Jordan algebras there are four infinite
families depending on one or two parameters from k. In Section 3, we define the variety
of Jordan algebras JorNn, determine useful invariants of deformation and show how to
construct deformation between algebras or how to ensure that such deformation does not
exist. In Section 4 we give several examples for the deformation both of and into the infinite
families, while in Section 5, we prove the main result of this paper describing deformations
between the algebras in JorN5 and characterizing its the irreducible components.
2 Jordan algebras: definition and basic concepts, list of nilpotent
algebras up to dimension five
In this section we present the basic concepts, notations for Jordan algebras and the
algebraic classification of nilpotent Jordan algebras of small dimensions.
Definition 1. A Jordan k-algebra is a commutative k-algebra J satisfying the Jordan
identity, namely
((x · x) · y) · x = (x · x) · (y · x), x, y ∈ J . (1)
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In a Jordan algebra J we define inductively a series of subsets by setting
J 1 = J ,
J n = J n−1 · J + J n−2 · J 2 + · · ·+ J · J n−1.
The subset J n is called the n-th power of the algebra J .
Definition 2. A Jordan algebra J is said to be nilpotent if there exists an integer n ∈ N
such that J n = 0. The least such number is called the index of nilpotency of the algebra
J , nilindex(J ).
Further in this section we establish a list of all non-isomorphic nilpotent algebras of
dimension five. For convenience we first describe all indecomposable nilpotent algebras
of dimension up to four, using the notations from [11]. Also we drop · and denote a
multiplication in J simply as xy. Products that we do not specify are understood to be 0 or
determined by commutativity.
Example 3 (Indecomposable nilpotent Jordan algebras of dimension one, and two three). All
nilpotent Jordan algebras of dimension less than four are associative. There is only one
nilpotent indecomposable algebra in one and two: kn, with n2 = 0 and B3 generated by n1,
with n31 = 0, respectively. There are two indecomposable nilpotent algebras in dimension
three, T3 generated by n1, such that n41 = 0 and T4 = 〈n1, n2 |n21 = n22〉.
In [11] all Jordan algebras of dimension four over an algebraically closed field of char-
acteristic not 2 were described. In the Table 1 we list eight non-isomorphic indecomposable
nilpotent Jordan algebras.
Table 1: Indecomposable four-dimensional nilpotent Jordan
algebras.
F Multiplication Table
F61 n21 = n2 n22 = n4 n1n2 = n3 n1n3 = n4
F62 n21 = n2 n24 = n2 n1n2 = n3
F63 n21 = n2 n24 = −n2 − n3 n1n2 = n3 n2n4 = n3
F64 n21 = n2 n24 = −n2 n1n2 = n3 n2n4 = n3
F65 n21 = n2 n1n2 = n3 n2n4 = n3
F66 n21 = n2 n24 = n3 n1n2 = n3
F69 n21 = n2 n1n3 = n4
F70 n21 = n2 n3n4 = n2
2.1. Nilpotent Jordan algebras of dimension five
In [2], G. Mazzola has classified nilpotent commutative associative (and thus Jordan)
five-dimensional algebras. Keeping the notations from the paper we list the 25 non-isomorphic
such algebras in Table 2. For each algebra we calculate the dimension of its automorphism
group Aut(J ), of its annihilator Ann(J ) = {a ∈ J | aJ = 0}, of its second power J 2 and
the index of nilpotency nilindex(J ).
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Table 2: Five-dimensional nilpotent associative Jordan alge-
bras.
 Multiplication Table
dim
Aut
dim
Ann
dim
2
nil-
index
1
n21 = n2 n
2
2 = n1n3 = n4
n1n2 = n3 n1n4 = n2n3 = n5
5 1 4 6
2
n21 = n2 n
2
2 = n1n3 = n4
n1n2 = n3
6 1 3 5
3
n21 = n2 n
2
4 = n5
n1n2 = n4n5 = n3
6 1 3 4
4
n21 = n3 n1n2 = n4
n1n4 = n2n3 = n5
7 1 3 4
5 F61 ⊕ kn5 7 2 3 5
6 T3 ⊕ B3 7 2 3 4
7
n1n3 = n4 n2n3 = n5
n1n2 = n4 − n5 7 2 2 3
8
n21 = n3 n
2
2 = n1n3 = n4
n1n2 = n5
8 2 3 4
9
n1n3 = n5
n1n2 = n4 n2n3 = −n5 8 2 2 3
10 n
2
1 = n3 n1n3 = n4 n1n2 = n5 9 2 3 4
11 n
2
1 = n2n3 = n4 n1n3 = n5 9 2 2 3
12 n1n2 = n4 n1n3 = n5 11 2 2 3
13 n
2
3 = n4 n1n2 = n3n4 = n5 8 1 2 4
14 F66 ⊕ kn5 9 2 2 4
15 T4 ⊕ B3 9 2 2 3
16 n
2
1 = n3 n
2
2 = n5 n1n2 = n4 10 3 3 3
17 n
2
1 = n4 n
2
3 = n1n2 = n5 10 2 2 3
18 T3 ⊕ kn4 ⊕ kn5 11 3 2 4
19 B3 ⊕ B3 ⊕ kn5 11 3 2 3
20 F69 ⊕ kn5 12 3 2 3
21 n2n3 = n1n4 = n5 11 1 1 3
22 F70 ⊕ kn5 12 2 1 3
23 T4 ⊕ kn4 ⊕ kn5 14 3 1 3
24 B3 ⊕ kn3 ⊕ kn4 ⊕ kn5 17 4 1 3
25 kn1 ⊕ kn2 ⊕ kn3 ⊕ kn4 ⊕ kn5 25 5 0 2
Recently, in [12] a method to construct nilpotent Jordan algebras using central exten-
sion of lower dimension algebras was presented. The authors showed that any nilpotent
algebra can be obtained via this methods and provided a list of 35 single non-associative
Jordan algebras together with 6 families of algebras depending on parameters in k. The list
of these algebras is given in Table 3 (using the notations [12]) together with the dimen-
sions of Aut(J ), Ann(J ), J 2 and of the associative center Z(J ) = {a ∈ J | (a,J ,J ) =
(J , a,J ) = (J ,J , a) = 0}.
4
Table 3: Five-dimensional nilpotent non-associative Jordan
algebras.
J Multiplication Table dim
Aut
dim
Ann
dim
J 2
dim
Z
J1 F65 ⊕ kn5 8 2 2 3
J2 F64 ⊕ kn5 9 2 2 3
J3 F63 ⊕ kn5 8 2 2 3
J4 F62 ⊕ kn5 7 2 2 3
J5 n21 = n2 n24 = n2n3 = n5 6 1 2 3
J6 n21 = n2 n1n4 = n2n3 = n5 7 1 2 3
J7 n1n2 = n3 n3n4 = n5 6 1 2 2
J8 n1n2 = n3 n3n4 = n21 = n5 5 1 2 2
J9 n1n2 = n3n3n4 = n21 = n22 = n5
4 1 2 2
J10 n1n2 = n3n1n3 = n24 = n2n3 = n5
5 1 2 3
J11 n1n2 = n3 n1n3 = n24 = n5 7 1 2 3
J12 n1n2 = n3n1n3 = n24 = n22 = n5
6 1 2 3
J13 n1n2 = n3n1n4 = n1n3 = n2n3 = n5 6 1 2 3
J14 n1n2 = n3 n1n3 = n2n4 = n5 7 1 2 3
J α15
n21 = n2 n1n2 = n3 n
2
4 = αn5
n22 = n1n3 = n2n4 = n5, α∈k
6 1 3 3
J16 n1n2 = n23 = n4 n1n4 = n5 6 1 2 2
J17 n1n2 = n
2
3 = n4
n1n4 = n2n3 = n5
5 1 2 2
J18 n1n2 = n
2
3 = n4
n1n4 = n
2
2 = n5
4 1 2 2
J19 n1n2 = n23 = n4 n3n4 = n5 5 1 2 2
J20 n1n2 = n23 = n4 n3n4 = n21 = n5 4 1 2 2
J21 n1n2 = n
2
3 = n4
n3n4 = n
2
1 = n
2
2 = n5
3 1 2 2
J22 n
2
1 = n2 n1n2 = n
2
3 = n4
n22 = n1n4 = n5
4 1 3 3
J β23
n21 = n3 n1n3 = n2n4 = n5
n1n2 = n4 n2n3 = βn5, β∈k
6 1 3 3
J γ24
n21 = n3 n1n2 = n4 n2n3 = n5
n1n4 = γn5, γ∈k∗−{1,− 12}
7 1 3 3
J 024 n21 = n3 n1n2 = n4 n2n3 = n5 7 2 3 3
J −
1
2
24
n21 = n3 n1n2 = n4 n2n3 = n5
n1n4 = −12n5
8 1 3 3
J25 n
2
1 = n3 n1n2 = n4
n1n3 = n1n4 = n5 n2n3 = −2n5 7 1 3 3
J δ26
n21 = n3 n
2
2 = n4 n2n4 = δn5
n1n3 = n1n4 = n5, δ∈k∗
6 1 3 3
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Table 3: Five-dimensional nilpotent non-associative Jordan
algebras.
J Multiplication Table dim
Aut
dim
Ann
dim
J 2
dim
Z
J 026
n21 = n3 n
2
2 = n4
n1n3 = n1n4 = n5
6 2 3 3
J ε,φ27
n21 = n3 n2n3 = n1n4 = n5
n22 = n4 n2n4 = εn5
n1n3 = φn5 ε,φ∈k, εφ 6=1
6 1 3 3
J ε,ε−127
n21 = n3 n2n3 = n1n4 = n5
n22 = n4 n2n4 = εn5
n1n3 = ε
−1n5 ε∈k∗−{−1}
6 2 3 3
J −1,−127
n21 = n3 n2n3 = n1n4 = n5
n22 = n4 n2n4 = n1n3 = −n5
6 2 3 3
J28 n21 = n2 n2n3 = n4 n23 = n5 7 2 3 3
J29 n21 = n2 n2n3 = n4 n1n3 = n5 7 2 3 3
J30 n
2
1 = n2 n2n3 = n4
n1n3 = n
2
3 = n5
6 2 3 3
J31 n21 = n2 n2n3 = n4 n1n2 = n5 7 2 3 3
J32 n
2
1 = n2 n2n3 = n4
n1n2 = n1n3 = n5
6 2 3 3
J33 n
2
1 = n2 n2n3 = n4
n1n2 = n
2
3 = n5
5 2 3 3
J34 n1n2 = n3 n1n3 = n4 n21 = n5 8 2 3 3
J35 n1n2 = n3 n1n3 = n4 n22 = n5 7 2 3 3
J36 n1n2 = n3 n1n3 = n4n2n3 = n5 6 2 3 3
J37 n
2
1 = n
2
2 = n5 n1n2 = n3
n1n3 = n4
6 2 3 3
J38 n1n2 = n3 n1n3 = n4n21 = n2n3 = n5
5 2 3 3
J39 n1n2 = n3 n
2
1 = n5
n22 = n1n3 = n4
7 2 3 3
J40 n1n2 = n3 n
2
2 = n1n3 = n4
n21 = n2n3 = n5
4 2 3 3
J λ41
n21 = n5 n1n2 = n3 n
2
2 = λn5
n1n3 = n2n3 = n4, λ∈k
6 2 3 3
Theorem 4. In Tables 2 and 3 all algebras are one-to-one non-isomorphic except for
1. J α115 ' J α215 , J α124 ' J α224 if and only if α1 = α2;
2. J β123 ' J β223 , J β126 ' J β226 if and only if β1 = ±β2;
3. J α1,β127 ' J α2,β227 if and only if (α1, β1) = (α2, β2) or (α1, β1) = (β2, α2);
4. J λ141 ' J λ241 if and only if λ1 = λ2 or λ1 = λ−12 ;
5. J 124 is in fact associative and corresponds to 4 from Table 2;
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6. J29 ' J 024;
7. J37 ' J −1,−127 .
8. The family J λ41 is isomorphic to J ε,ε
−1
27 for λ 6= 0, 1 and ε = − (−1+
√
λ)2
(1+
√
λ)2
, while J 141 is
isomorphic to J 026. Remaining only J 041, which will be denoted simply as J41.
Proof. Firstly, in [12] the authors showed the isomorphism from items 1-4. The isomor-
phism 5 follows immediately from the multiplication tables of the corresponding algebras.
To see 6-8 consider the change of basis
J29 ' J 024 J37 ' J −1,−127 J 141 ' J 026
e1 = n1 e1 = n1 − n2 e1 = n1 + n2
e2 = n3 e2 = −n1 − n2 e2 = in1 − in2
e3 = n2 e3 = −2(n3 − n5) e3 = 2(n3 + n5)
e4 = n5 e4 = 2(n3 + n5) e4 = 2(n3 − n5)
e5 = n4 e5 = 2n4 e5 = 4n4
and for any λ 6= 0, 1 consider ε = − (−1+
√
λ)2
(1+
√
λ)2
then the transformation
e1 =
√
λn1 + n2
e2 =
(√
λ− λ
1 +
√
λ
)
n1 +
(
−1 +√λ
1 +
√
λ
)
n2
e3 = 2
√
λn3 + 2λn5
e4 = −2(−1 +
√
λ)2
√
λ
(1 +
√
λ)2
n3 +
2(−1 +√λ)2λ
(1 +
√
λ)2
n5
e5 = −2(−1 +
√
λ)2
√
λ
1 +
√
λ
n4
gives the isomorphism J λ41 ' J ε,ε
−1
27 .
Further the dimension of the automorphism group, the annihilator, any power of alge-
bra, the associative center, index of nilpotency together with associative and non-associative
conditions, are invariants of class of isomorphic algebras. Therefore any two algebras whose
last four columns in Table 2 or Table 3 are not equal are non-isomorphic, and one has to ver-
ify that the algebras are non-isomorphic in the following cases:
1. J9 − J18 − J20: the four-dimensional non-associative nilpotent Jordan algebra F64 is
a subalgebra of J20 but it is not a subalgebra nor of J9 neither of J18. Analogously,
F70 is a subalgebra of J9 and is not of J18.
2. J8−J17−J19: the dimension of the second cohomology group of J19 with coefficients
in J19, H2(J19,J19), is 6 while dimH2(J8,J8) = dimH2(J17,J17) = 5. For the
definition of the cohomology group for Jordan algebras we refer to [9]. On the other
hand, the four-dimensional algebra F63 is a subalgebra of J8 but is not of J17.
3. J33 6' J38: the three-dimensional nilpotent Jordan algebra T4 is a subalgebra of J38
but is not of J33.
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4. J5−J12−J13: dimH2(J12,J12) = dimH2(J13,J13) = 13 while dimH2(J5,J5) = 12
But the dimension of Jacobi space of J12, i.e.
Jac(J ) = {a ∈ J | a(xy) = (ax)y + x(ay), ∀x, y ∈ J } ,
is 4 whereas dimJac(J13) = 3.
5. J7 6' J16: the four-dimensional algebra F71 = T4 ⊕ kn4 is a subalgebra of J7 but is
not of J16.
6. J6 − J11 − J14: F63 ⊆ J14 while F63 6⊆ J6, adding dimH2(J11,J11) = 15 while
dimH2(J6,J6) = dimH2(J14,J14) = 14 we obtain the result.
7. J γ24 6' J25: for any γ 6= 0, algebra F69 is a subalgebra of J γ24 but is not a subalgebra
of J25. Since dimAnn(J 024) = 2, J25 6' J 024.
8. J28 − J 024 − J31 − J35 − J39: one compares the dimensions of both second co-
homology group and Jacobi space, dimH2(J35,J35) = 10, dimH2(J31,J31) = 8,
dimH2(J28,J28) = dimH2(J39,J39) = 11, and dimH2(J 024,J 024) = 12 , while dimJac(J28) =
3 and dimJac(J39) = 4.
9. J α15 −J β23 −J δ26 −J ε,φ27 : the nilindex(J α15) = 5 for any α ∈ k while it is 4 for the other
algebras. Analogously, dimH2(J β23,J β23) = 8 if β 6= 0 and dimH2(J 023,J 023) = 9, while
dimH2(J δ26,J δ26) = dimH2(J ε,φ27 ,J ε,φ27 ) = 7 if δ 6= 0 and εφ 6= 1.
Next, suppose that J ε,φ27 ' J δ26 for some δ, ε, φ ∈ k and suppose that this isomorphism
is given by a matrix A = (aij)5i,j=1. Then the coefficients aij have to satisfy the
following conditions: aij = ai1ai2 = ak5 = 0 for i = 1, 2, j = 3, 4, 5, and a3k = a21(k−2),
a4k = a
2
2(k−2), a5k = +2a2(k−2)(a3(k−2) + a4(k−2)ε) + 2a1(k−2)(a4(k−2) + a3(k−2)φ) = 0,
for k = 3, 4. Moreover,
a21a32 + a11a42 + a21a42ε+ a41(a12 + a22ε) + a11a32φ+ a31(a22 + a12φ) = 0
a11a21(a11 + a21)− a55 + a321ε+ a311φ = 0
−a55 + a21(a212 + a222ε) + a11(a222 + a212φ) = 0
a221(a12 + a22ε) + a
2
11(a22 + a12φ) = 0
a12a22(a12 + a22)− a55δ + a322ε+ a312φ = 0.
But the system allows only trivial solutions ai5 = 0 for 1 ≤ i ≤ 5.
10. J 026 − J ε,ε
−1
27 − J30 − J32 − J36 − J −1,−127 − J41: the nilpotency type of J32 and J36
is (2, 1, 2) while for all other algebras it is (2, 2, 1) (for definition of nilpotency type
of Jordan algebra we refer to [11]). Suppose that J36 ' J32 and the isomorphism is
given by the matrix A = (aij)5i,j=1. Then aij ’s have to satisfy the following conditions:
aij = a3k = 2ai3a33 = 0 for i = 1, 2, j = 2, 4, 5, k = 4, 5, an2 = 2a11a(n−1)1, for
n = 3, 4, and a52 = 2a31a21, 2a13a23 = 0, 2a11a21a23 = a54, 2a11a21a13 = a44, a31a23 +
a21a33 = a55 = 2a11a
2
21, a31a13 + a11a33 = a45 = 2a
2
11a21, a21a13 + a11a23 = 0. This
implies that ai4 = 0 for 1 ≤ i ≤ 5.
Comparing the dimensions of the cohomologies we rule out some cases:
dimH2(J −1,−127 ,J −1,−127 ) = dimH2(J41,J41) = 8,
dimH2(J ε,ε−127 ,J ε,ε
−1
27 ) = dimH
2(J30,J30) = 7
dimH2(J 026,J 026) = 10.
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On the other hand, dimJac(J −1,−127 ) = 4 whereas dimJac(J41) = 3. It remains to
check that J ε,ε−127 6' J30. Suppose that A = (aij)5i,j=1 which gives an isomorphism
from J30 to J ε,ε
−1
27 , then aij = ak5 = 0 for i = 1, 3, j = 3, 4, 5 and k = 2, 5. Moreover,
a211 = a23, 2a21a31 = a43, 2a11a31 + a
2
31 = a53, a11a12 = 0, a31a22 + a21a32 = 0,
a11a32 + a31(a12 + a32) = 0, a32a24ε−1 = a31a23ε = a45 = a31a24 = a32a23, a212 = a24,
2a22a32 = a44 and 2a12a32 + a232 = a54. All the solutions lead to ai5 = 0 for 1 ≤ i ≤ 5,
a contradiction.
3 Deformation, variety of Jordan algebras, constructing defor-
mations
Let V be a n-dimensional k-vector space with a fixed basis {e1, e2, · · · , en}. To endow V
with a Jordan k-algebra structure, (J , ·), it suffices to specify n3 structure constants ckij ∈ k,
namely, ei ·ej =
∑n
k=1 c
k
ijek, i, j ∈ {1, 2, . . . , n}. If a point (ckij) ∈ kn
3
defines Jordan algebra
its coordinates satisfy certain polynomial equations which follow from commutativity and
Jordan identity. These equations cut out an algebraic variety Jorn in kn3 . The points
(ckij) ∈ Jorn are in one-to-one correspondence with n-dimensional k-algebras along with
a particular choice of basis. A change of basis in J is given by the general linear group
G = GL(V) action on Jorn, namely:
g(J , ·) 7→ (J , ·g), x ·g y = g(g−1x · g−1y), (2)
for any J ∈ Jorn, g ∈ G and x, y ∈ V. The G-orbit of a Jordan algebra J , that is, the set of
all images of J under the action of G, is denoted by J G. The set of different G-orbits of this
action is in one-to-one correspondence with the set of isomorphism classes of n-dimensional
Jordan algebras. The Zariski topology of the affine space provides the following relation of
orbits, namely, we say that J1 is a deformation of J2 or that J1 dominates J2, if the orbit
J G2 is contained in the Zariski closure of the orbit J G1 . We denote it by J1 → J2. A Jordan
algebra J is called rigid if its G-orbit is a Zariski-open set in Jorn. Rigid algebra J does
not admit non-trivial deformations, indeed if J1 → J then J G1 ∩ J G 6= ∅ and therefore
J1 ' J .
As we have already mentioned in the introduction the rigid algebras are of particular
interest. Recall that any affine variety could be decomposed into its irreducible components.
When J ∈ Jorn is rigid, there exists an irreducible component C such that J G ∩C is a non-
empty open subspace in C, and therefore the closure of J G coincides with C. The converse
is not true: in the sections 5 we will show that there exists an irreducible component which
does not contain a single open G-orbit but rather an open subset which consists of infinite
union of orbits of algebras.
Any (ckij) ∈ Jorn which corresponds to a nilpotent Jordan algebra has to satisfy polyno-
mial equation, thus the set of nilpotent Jordan algebras in dimension n possess a structure
of algebraic variety embedded in JorNn ⊆ Jorn. Further in this section we collect the prop-
erties of deformation which will be used to describe JorN5. The first fact is straightforward
but very useful.
Lemma 5. [9] Let Ji and J ′i be in Jorni , for i = 1, 2. If Ji → J ′i , then J1 ⊕ J2 → J ′1 ⊕ J ′2.
Example 6. From the description of JorN4 in [10] it follows that F62 → F63 → F64 and
F62 → F65, consequently J4 → J3 → J2 and J4 → J1.
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The other way to deform one algebra into another is to build a curve as specified in
Lemma 7.
Lemma 7. [2]Suppose that there exists a curve γ in Jorn which generically lies in a subvariety
U and which cuts J G in special point then J ∈ U .
Example 8. Let γ(t) =
{
et1,e
t
2,e
t
3,e
t
4,e
t
5
}
be a change of basis of J21 given by: et1 =
√
2t2n1−√
2t2n2 + 2t
2n3 − t2n4, et2 = 2
√
2t4n2 + 4t
4n4, et3 =
√
2t3(n1 + n2), et4 = 4t
6(n4 + n5) and
et5 = 8t
8n5. Thus γ defines a curve in JorN5 which for any t 6= 0 belongs to J G21 (observe
that det γ(t) = −28t23). However, et2et3 = tet4 and for t → 0 we get the multiplication table
of J18. Thus, from Lemma 7, it follows that J18 ∈ J G21, i.e., J21 → J18.
The non-existence of deformation for a given pair of algebras J1,J2 ∈ Jorn will follow
from the violation of one of the conditions below.
Theorem 9. If J1 → J2 then:
1. dimAut(J1) < dimAut(J2);
2. dimAnn(J1) ≤ dimAnn(J2);
3. dim(Jm1 ) ≥ dim(Jm2 ), for any positive integer m;
4. dimZ(J1) ≤ dimZ(J2).
Proof. For the proof of (1) to (3) we refer to [9]. To see (4), it suffices to prove that the sets
{J ∈ Jorn | dimZ(J ) ≥ s} are Zariski-closed in Jorn for any s ∈ N. Let e1, e2, . . . , en be a
basis for J ∈ Jorn and a =
∑n
i=1 αiei ∈ Z(J ). Substituting a in each of the 3n2 equations
(a, ei, ej) = 0, (ei, a, ej) = 0 and (ei, ej , a) = 0 for i, j = 1, . . . , n, we obtain a system with
3n3 equations having αi as unknowns. Then dimZ(J ) = n − rank(P3n3,n), where P3n3,n
is the matrix of the system, thus the condition dimZ(J ) ≥ s is equivalent to the fact that
all (n − s + 1)-minors of P3n3,n vanish, which is defined by a finite number of polynomial
identities in the structure constants.
As direct consequences of (3) and (4), respectively, we have:
Corollary 10.
1. If J1 and J2 are nilpotent Jordan algebras such as J1 → J2 then nilindex(J1) ≥
nilindex(J2).
2. Any deformation of a non-associative algebra is a non-associative algebra.
4 Deformations of infinite families of algebras
Whenever the class of algebras consists of only finitely many non-isomorphic algebras,
the irreducible components are completely determined by rigid algebras, see Jorn, n ≤ 4.
When we have infinite number of non-isomorphic algebras it is not necessarily that any
irreducible component contains an open orbit. In [1], Flanigan showed that there exists an
infinite family of nilpotent algebras of dimension three such that the closure of a union of
their orbits is an irreducible component in AssocN3, while it carries no open orbit. In the
next section, we will show that such irreducible component exists in JorN5. In general,
the behaviour of infinite families under deformation is of particular interest and in what
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follows we will look into examples of deformations in JorN5 which involve families. First,
to establish the notation denote by
N#i =
⋃
α∈T
(J αi )G ,
the union of the orbits of algebras in the family J αi , α ∈ T where T is some subset of k.
4.1. Infinite family is dominated by a single algebra
The infinite family J α15, α ∈ k, is dominated by algebra J22. To see that, for any
α ∈ k consider a change of basis of J22 parametrized by γα(t): et1 = t2n1 − α3n2 + tn3,
et2 = t
4n2 + (1 − 2α3 )t2n4 + α
2
9 n5, e
t
3 = t
6n4 − (−1 + α)t4n5, et4 = t4n2 − t5n3 + αt
2
3 n4 and
et5 = t
8n5. Observe that det(γα) = t25 thus, for any t 6= 0, the curve γα(t) belongs to J G22.
Since
(
et4
)2
= t4et3+αe
t
5 it follows that γα(0) gives the multiplication table of J α15. Therefore
N#15 ⊂ J G22.
4.2. Infinite family is a deformation of a single algebra
The deformation from the family J β23, β ∈ k to J41 is quite remarkable, since no single
member of J β23 can dominate J41. Indeed dimAut(J41) = dimAut(J β23) for all β ∈ k.
Consider the “variable” change of basis of J β(t)23 , where β(t) = 1t , namely: et1 = tn1 − 12n2,
et2 = −12n2, et3 = − t2n3, et4 = t4n5 and et5 = t2n3 − tn4. So the curve γ(t) lies transversely
to the orbits of J β23, meaning that, for any t 6= 0, γ(t) ⊂ N#23 and cuts J G41 in t = 0. Thus
J41 ∈ N#23. We will abuse the notation and will denote this fact by J β23 → J41.
Observe that in the same way we obtain that any algebra J αk of a family can be viewed
as a deformation of N#k . We use the basis of J αk from Table 3, then for any fixed α0 γ(α)
defines the multiplication in J α0k while for all other values of α algebra belongs to N#k .
In a rather different way, we obtain the dominance of J39 by the family J α15, α ∈ k. In
this case J 115 (a single member of J α15, α ∈ k) dominates J39. Consider the curve: et1 = tn1,
et2 = n2 + (−1 + t)n4, et3 = tn3, et4 = t2n5 and et5 = t2n2. For any t 6= 0, 1, the curve lies in(J 115)G and cuts J G39 in t = 0 and G5 in t = 1, respectively. Then we have
J39 ∈
(J 115)G ⊆ ⋃
α∈k
(J α15)G ⊆ N#15
and, therefore, J α15 → J39.
4.3. Deformations between families
The family J ε,φ27 , ε, φ ∈ k and εφ 6= 1, dominates the family J δ26, δ ∈ k∗. Again no single
member of J δ26 deforms into any single member of J ε,φ27 since dimAut(J δ26) = dimAut(J ε,φ27 ),
for all δ, ε, φ ∈ k. For any fixed δ ∈ k∗, we construct a curve γδ(t) which lie trans-
versely to the orbits of J ε,φ27 . Consider the “variable” change of basis of J ε(t),φ(t)27 , where
(ε(t), φ(t)) = (tδ, 1
t2
), defined as: et1 = tδn1, e
t
2 = δn2, e
t
3 = t
2δ2n3, et4 = δ
2n4 and
et5 = tδ
3n5. For any t 6= 0, the curve lies in N#27 and, since et2et3 = tet5, cuts
(J δ26)G in
t = 0. Thus J δ26 ∈ N#27, for any δ ∈ k∗.
Differently, we obtain the dominance of the family J γ24, γ ∈ k∗ − {1,−12} by the family
J β23, β ∈ k. In this case, fixing γ0 ∈ k∗ − {1,−12}, the algebra J γ024 deforms into J β023 ,
where β0 =
(1−2γ0)i√
γ0
. Define the curve: et1 = − i√γ0n1 + n2, et2 = tn2, et3 = − 1γ0n3 − 2i√γ0n4,
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et4 = − it√γ0n4 and et5 = − it√γ30 n5. For any t 6= 0, the curve lies in the G-orbit of J
β0
23 and,
since et2e
t
4 = tγ0e
t
5, cuts
(J γ024 )G in t = 0. Therefore
J γ024 ∈
(
J β023
)G ⊆ N#23
consequently J β23 → J γ24, for all γ ∈ k∗ − {1,−12}.
5 The algebraic variety JorN5
In this section, we will describe the algebraic variety of five-dimensional Jordan algebras
JorN5. First we show that any structure can be deformed either into one of the given four
algebras or into the algebras in family J ε,φ27 . The main tool of the proof is Lemma 7, to
define a curve γ(t) we use notations and basis of Table 3.
Lemma 11. Every structure J ∈ JorN5 belongs to G1 , J G21, J G22, J G40 or N#27.
Proof. All associative structures, namely i for i = 1, . . . , 25, belong to G1 . In fact, G. Maz-
zola in [2] showed that the subvariety of associative algebras is an irreducible subvariety in
JorN5 and that the orbit G1 is open, thus its closure contains all associative structure. From
Corollary 10 it follows that there is no non-associative structure which deforms into 1.
All algebras Ji for i = 1, . . . , 20 except for the family J α15, are dominated by J21. Exam-
ple 8 gives J21 → J18. For the deformation J18 → J17, consider a family of algebras with
the following basis
et1 = −t2n1 + 12n2 − tn3 + 18t2n4,
et2 = −t8n2 − 3t
6
2 n4,
et3 = t
4n2 − t5n3 + t22 n4,
et4 = t
10n4 + t
8n5,
et5 = −t12n5.
(3)
Here {n1, . . . , n5} is the basis of J18 given in Table 3, t ∈ k and therefore this family can
be viewed as a curve γ(t) ∈ JorN5. For any fixed t 6= 0 the change of basis (3) determines
algebras isomorphic to J18, while for t = 0 one obtains J17 (indeed,
(
et2
)2
= −t4et5).
Analogously, the change of basis et1 = n1, e
t
2 = t
2n2, et3 = tn3, e
t
4 = t
2n4 and et5 = t
2n5 of
J17 does the trick for J17 → J16. Applying Lemma 7 to given transformations we obtain
the following deformations:
J21 → J20 J20 → J19 J19 → J12 J12 → J11 J20 → J8
et1 =
1
t3
n1 e
t
1 = t
2n1 e
t
1 = n1 − 12n2 + n3 et1 = n1 et1 = tn1
et2 =
1
tn2 e
t
2 = n2 e
t
2 = tn3 + n4 e
t
2 = t
2n2 e
t
2 = n2
et3 =
1
t2
n3 e
t
3 = tn3 e
t
3 = tn4 + n5 e
t
3 = t
2n3 e
t
3 = tn4
et4 =
1
t4
n4 e
t
4 = t
2n4 e
t
4 = it(n2 − n3) et4 = tn4 et4 = tn3 + t2n4
et5 =
1
t6
n5 e
t
5 = t
3n5 e
t
5 = tn5 e
t
5 = t
2n5 e
t
5 = t
2n5
To obtain J21 → J9 consider the following change of basis et1 = − 1√2tn1, et2 =
1√
2t
n2,
et3 = − 12t2n4, et4 = − 1√2n1 +
1√
2
n2 − n3 +
(
1
2 − 14t
)
n4 and et5 =
1
2t2
n5 of J21. Deformations
J4 → J3 → J2 and J4 → J1 follow from Example 6. Suppose {n1, . . . , n5} is the basis of
J9, then et1 = tn1 − 12n3 + t2n4, et2 = tn2 − 12n3 + t2n4, et3 = t2(n3 − n5), et4 = t2n3 + t3n4
and et5 = t
4n5 for any t 6= 0 defines algebras which are isomorphic to J9. Meanwhile
et3e
t
4 = te
t
5 thus, when t tends to zero, we get the structure constants of algebra J10. The
12
basis et1 = n1− t2n2+
√
2tn4, et2 = −t2n1+n3−
√
2tn4, et3 = t
4n3−4t2n5, et4 = t
4
2 n3− t
5
2
√
2
n4
and et5 = −t6n5 of J10 does the trick for J10 → J13. To complete the description of orbits
inside J G21 use Lemma 7 for the following cases:
J8 → J7 J7 → J4 J13 → J14 J10 → J5 J5 → J6
et1 = n2 e
t
1 = n1 + n4 e
t
1 = n2 e
t
1 =
it√
2
(n1 − n2) et1 = n1 + n4
et2 = tn1 e
t
2 = n2 + n4 e
t
2 = t(−n1 + n2) et2 = t2n3 et2 = n2 + n5
et3 = tn3 e
t
3 = n3 e
t
3 = −tn3 et3 = t
2
2 (n1 + n2) e
t
3 = tn3
et4 = n4 e
t
4 = n5 e
t
4 = n4 e
t
4 = t
2n4 e
t
4 = tn4
et5 = tn5 e
t
5 = tn1 e
t
5 = −tn5 et5 = t4n5 et5 = tn5
Any algebra J28, J30 -J34, J39 as well as the family J α15, α ∈ k deforms into algebra
J22. Deformations J22 → J α15 → J39 follow from Sections 4.1 and 4.2. To show that
J39 → J34 we use again Lemma 7 applying it to the curve γ(t) : et1 = n1, et2 = tn2, et3 = tn3,
et4 = tn4 and e
t
5 = n5 of J39. The deformation J22 → J33 is given by the change of basis
et1 = t
2n1 + n3, et2 = t
4n2 + n4, et3 = tn2 − t3n3, et4 = t5n5 and et5 = t6n4 + t2n5 of J22. The
curve γ(t) :
et1 = t
2n1 + n2 + tn3,
et2 = t
4n2 + 2tn4 + 3t
2n5,
et3 =
t4
3 n2 +
2t5
3 n3,
et4 =
2t9
3 n4,
et5 = t
5n4 + t
6n5
belongs to J G33 for any t 6= 0 and intersects J32 when t = 0, thus J33 → J32. The new
basis et1 = n1, e
t
2 = n2, e
t
3 = t(n2 − n3), et4 = −tn4 and et5 = n5 of J32 for any t 6= 0
defines algebra isomorphic to J32. Observe that
(
et3
)2
= 2tet4, thus we get the structure
J31 when t tends to zero, i.e. J32 → J31. The changes of basis et1 = t2n1 + 19n2 + t3n3,
et2 = t
4n2 +
2t
27n4 +
t2
3 n5, e
t
3 =
1
12n2 +
t
2n3, e
t
4 =
t5
2 n4 and e
t
5 =
t
12n4 +
t2
4 n5 of J33 and
et1 = t(n1+n2), e
t
2 = t
2n2, et3 =
1
2n2+n3, e
t
4 = t
2n4 and et5 = n4+n5 of J30 give J33 → J30
and J30 → J28, respectively.
Next, J40 → J38 → J36. Indeed, we apply Lemma 7 to the change of basis et1 = 1t2n1,
et2 =
1
tn2, e
t
3 =
1
t3
n3, et4 =
1
t5
n4 and et5 =
1
t4
n5 of J40 and et1 = n2, et2 = tn1, et3 = tn3,
et4 = tn5 and e
t
5 = t
2n4, of J38, respectively.
Finally, the orbits of remaining structures, i.e. families J β23, J γ24, J δ26 as well as algebras
J25, J35, J41, belong to the closure of N#27. The deformations J ε,φ27 → J δ26, J β23 → J41 and
J β23 → J γ24 follow from Sections 4.2 and 4.3.
Further, we show that J ε,φ27 → J β023 for any fix β0 ∈ k. Consider the change of basis of
J ε(t),φ(t)27 :
et1 = (−1− tβ0)n1 − n2,
et2 = tn2,
et3 = (1 + tβ0)
2n3 + n4,
et4 = −tn4,
et5 = t
2(1 + tβ0)n5,
(ε(t), φ(t)) =
(
−1− tβ0, −1− t
2 − tβ0
(1 + tβ0)2
)
.
Note that ε(t)φ(t) = 1 + t
2
1+tβ0
then, while for any t 6= 0 this basis defines structure in N#27,
for t = 0 it gives J β023 .
Applying Lemma 7 to the basis transformation et1 = n2, e
t
2 = tn1−tn2, et3 = tn3, et4 = tn4
and et5 = −2t2n3 + t2n5 of J41 we obtain J41 → J35.
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To show that J γ24 → J25, define a curve φ(t) ⊂ JorN5, as been the set of structure
constants of algebras with the basis et1 = n1 + n2, e
t
2 = −2tn2, et3 = n3 + 2n4, et4 = −2tn4
and et5 = tn5, where {n1, . . . , n5} is a basis of J γ(t)24 , γ(t) = t−12 . Analogously to Section
4.2, the curve lies transversely to the orbits of J γ24. For any t 6= 0, φ(t) ⊂ N#24, while φ(0)
corresponds to the structure constants of J25.
Lemma 12. The infinite union N#27 is not contained in the Zariski closure of the orbits of any
algebra in JorN5.
Proof. By Corollary 10 the non-associative algebra J ε,φ27 can not be deformed into the
associative algebra 1 for any ε, φ ∈ k. Observe that for any ε, φ ∈ k with εφ 6= 1,
dim
(
J ε,φ27
)2
= 3 and dimAnn(J ε,φ27 ) = 1. Applying Theorem 9 item 3 and item 2 we
obtain that J21 9 J ε,φ27 and J40 9 J ε,φ27 , when εφ 6= 1, respectively.
To see that J22 9 J ε,φ27 , first observe that J22 does not deform into the other three
algebras from Lemma 11. Indeed, comparing the dimensions of the automorphism group
we deduce that 1 9 J22 and J40 9 J22, while the dimensions of the second power provide
that J G22 * J G21. Suppose that N#27 ⊆ J G22 then J22 is rigid and C = J G22 is a irreducible
component of JorN5. Since N#27 is contained in the irreducible component C and both has
the same dimension dimN#27 = 21 = dim C, N#27 = C. So, N#27 is a dense subset of C and
J G22 is open in C then there exists J ∈ N#27 such as J ∈ J G22, i.e., J ' J22, a contradiction
by Theorem 4.
Corollary 13. N#27 determines a component of the variety JorN5. In particular, we proved
that a finite-dimensional Jordan algebras not necessarily deforms into rigid one.
Proof. From Lemma 12 it follows that we only have to show that all algebras in N#27 belong
to the same component. In fact N#27 is a product of two irreducible varieties
(
J ε,φ27
)G
and
k2 = {(ε, φ) | ε, φ ∈ k} and is therefore irreducible.
Lemma 14. Algebras 1, J21, J22 and J40 are rigid.
Proof. By a similar argument as in proof of Lemma 12 we can show that J G22 6⊆ N#27 and
therefore J22 is rigid. To show that the other three algebras are rigid it is sufficient to prove
that there are no deformations between them and that none of these algebras is dominated
by the family J ε,φ27 .
Using the dimension argument for the second power of an algebra we have J21 9 1,
J22 9 1 and J21 9 J40, while comparing the dimension of the annihilator we obtain
J40 9 1. Thus we have shown that 1 is a rigid algebra in JorN5 too. The associative al-
gebra 1 can not dominate non-associative algebras, thus 1 9 J21 and 1 9 J40. Also, due
to the dimension argument for the automorphism group we get J22 9 J40 and comparing
the dimension of the associative center we have J22 9 J21 and J40 9 J21. On the other
hand dimJ G21 = 22 while dimN#27 = 21 leading to J G21 * N#27 and therefore J21 is a rigid
algebra. Finally suppose that J40 belongs to the component N#27. Note that the dimensions
of J G40 and N#27 are both equal to 21, therefore
J G40 = N#27.
Which is impossible since dimAnn(J40) = 2, while dimAnn(J ε,φ27 ) = 1 for ε, φ ∈ k with
εφ 6= 1. Consequently J40 is a rigid algebra.
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Finally, note that the change of basis given by identity matrix I5 multiplied by t guar-
antees J → 25 for any J ∈ JorN5. Consequently, JorN5 is a connected affine variety.
Therefore we have proved the following theorem.
Theorem 15. The algebraic variety JorN5 of five-dimensional nilpotent Jordan algebras is
a connected affine variety with an infinite number of orbits under the action of the group G.
Furthermore, it has four irreducible components given by Zariski closures of the orbits of the
rigid algebras 1, J21, J22 and J40 and one more component that is the Zariski closure of the
infinite union N#27.
The diagram of JorN5 was represented in Figure 1.
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Figure 1: The irreducible components of JorN5
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